Introduction
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The estimate of the option pricing model

AR TIAORT e R TH A A RS
(K, S0 7) = / maz(0, Sz — K) f(Srl S, )dSr

r is the risk free rate

K is the strike price

St is the underlying asset price

St is the underlying asset price at time T
T is the time to maturity, T' — ¢

e " is the discount term

f(x|St, ) is the conditional risk neutral prbability density function (probability density of the revenue)
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¢(K, St 0) = max(0,S; — K) when 7 = 0 (C5)
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for upper bound :

when K =0
&0, Sy, 7) / " S7f(S718,, 7)dSr = €778,
—¢(0, S, 1) = 60”6(0, St, T) = Sy
for lower bound :

B HEEIEHE[ER ¢ = intrinsic value + time value
= max(0,S; — K) + time value

Assume the pricing model is rescalable
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Figure 1: Two types of gating connections. On the left hand-side, the h neuron acts as a switch or
gate that stops or not the flow of information between x and y. On the right hand-side, the connection
implements a multiplicative relationships between the inputs x and A to provide the output y. Image
reproduced from (Droniou, 2015).

Gated networks are extensions of the deep learning building blocks that are designed to learn relationships
between at least two sources of input and at least one output with "gating connections". eg. LSTM family of
networks uses a switch

The most general view is that neuron h (left-hand side is a switch, right-hand side is a multiplicative
relation) modulates the signal between x and y. (cited from Gated networks an inventory)
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Figure 1: The proposed model (single). Note that bias terms exist,
although they are omitted for neat appearance. & is the multiplica-
tion gate that outputs the product of the inputs.
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y(m,7) = é(m,1,7) :=

<

y(m,7) = Z o1(b; — me™)ay(b; + Te%)eli
=1
o1(xz) = log(1 + e*) is a softplus function (between 0 and 1)

oa(z) = H% is a sigmoid function (between 0 and 1)

Also,
1 . e’ _ 1 _
— o7 (z) = o5(z)
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besides, o5 () = Ates2 1ter *7 iper o2(2)(1 — o2(z))

Hence, all 01 (z), o2(z), 0 (z), and o4 (z) = o7 (x) > 0
Rationality

C1LE < 0), g > 0), C3(E > 0):
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y(m, 7') = —E(Kéf“’r) — é(K, St, T) = Sty(ma T) m = Sﬁt
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= é= Swy(m,7) =0

This also explains why there is no bias term for the top layer.
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ZEEMEEHEREESNEEERTE - EEMIZRBC5IRC6 upper bound
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Multi-Model
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Figure 2: The proposed model (multi): The right side is the weight
generating model, and the left side is a set of single models. Note
that the left side is not a single layer. Each (m,7) — y; (linked
by two dashed arrows) is realised by a full-sized single model. &
is the addition gate that outputs the sum of the inputs.
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remark : sum of the weights w; is one
Rationality
Multi-model BB AHH C1(LE < 0)~ C3(LE > 0) ~ Calimk—0é(K, S, T) = 0)

ﬁ'ﬁ{l,%{fFCS when 7 = 0,¢(K, S¢,0) = maz(0,S; — K)) ~ C6(maz(0,S; — K) < &(K, S, 1) < Spth—
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function

Oy

Denoting the first-order derivative of y(m, 7) w.r.t. m as g(m, 7) = B

P Q
Z Z maz(0, g(myp,g, 7¢) — g(Mpg + A, 7))
p

=1 ¢g=1
A'is an small number

P is the number of pseudo data generated for every unique time- to-maturity
Q is the number of unique time-to-maturity 7 in the training set

the equation will push g(m, 7) to a monotonically increasing function w.r.t. m

thus 5= ) >0
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Comparison

Loss function : MSE(Mean Square Error), MAPE(Mean Absolute Percentage Error)

the difference between (¢, e 7Sy = é)

for numerical stability, equivalently the difference between (e”sit, Y)

Data : the option data for S&P500 index from Option Metric & Bloomberg
closing price = mid-point of bid-ask price
Period : 1996/04/01 - 2016/05/31

Compared target: PSSF(Dugas et al. 2000), Modular Neural Networks (MNN) (Gradoje- vic, Gencay, and
Kukolj 2009), Black-Scholes (BS) (Black and Scholes 1973), Variance Gamma (VG) (Madan, Carr, and
Chang 1998), and Kou Jump (Kou 2002)

Preprocessing :
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ZETEER (put-call parity) IEREEZEERE BEEIEEKBME —HARENER
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Training & Testing :

1. five continuous trading days data for training, and the following one day for testing

2. BS, VG, and Kou Jump only use the last training day's data (".- Marcov process) to calibrate their
parameters

3. For Single and PSSF, the number of hidden layer neuronsis] =5

4. The number of pricing models in both Multiand MNN is | =9

5. The number of neurons in hidden layer for the right-branch weighting network of Multi is K=5

PATFiERE AT LAE E Multi-modelfdloss functioni® & &8 & &/ \1Y
=ZEEREE D loss functionZZE D BlEE %1998 fHREIK  2008E/EHE ~ 2011 BUEEHE

o
o

°©
~

Test MAPE
o
N

TN TONOTTNOTNOT—NOT—NOT—NOT—NOT—NOT—NOT—NOT
OGOOOOOOOOOOOGOGOOGOGGGOOOOG0000OGOOOOOOGOOOOOOGGOOOGGOOOOOGGOOOOGGOOOOOOO

Date by Season

Q4
Q1
Q2
Q3
Q4
Q2
Q3

Figure 3: Test MAPE by Seasons: The shadowed parts correspond to the following events: Dot-com bubble (1998), global financial crisis
(2008), and European debt crisis (2011).

Train Test
MSE MAPE (%) MSE MAPE (%)

PSSF 267.48 25.77 269.56 26.25
MNN 50.08 16.89 63.16 18.22
Single 579.74 34.74 580.47 34.99
Multi 9.91 5.75 12.11 6.84
BS 63.73 21.64 64.71 22.42
VG 55.40 18.42 61.57 22.64
Kou Jump 18.37 8.69 20.13 9.90

Table 4: Quantitative comparison of pricing on 3M contracts.

AT iE L) FEX B testing day 2008/05/15 » XK S&P Index#1423 » Wi482I7K 2 1% (i.e., T = 7)Mrisk neutral
density of the S&P Index » FAZKERAAC1~COMEZE 14
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Figure 4: Implied distribution over future asset price. Top Left:
Our multi model. Top Right: Without second derivative constraint
(C2), we observe invalid negative values. Bottom Left: Without vir-
tual options (conditions C5 and C6): we see density around zero
which is senseless. Bottom Right: No derivative constraint or vir-
tual options gives invalid and meaningless density.
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Figure 5: Neither PSSF nor MNN produces a valid distribution.
Left: PSSF risk neural density for X-axis range [0, 2000]. Middle:
PSSF risk neural density for X-axis range [400,2000] (note the
difference on Y-axis scale). Right: Risk neural density of MNN.
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